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Example

Composite A-36 steel bar shown made from two segments
AB and BD.

Area A,z = 600 mm? and
Agp = 1200 mm?.

Determine the vertical - am
displacement of end A (6,) and 20 kN } g 20 KN

displacement of B relative to C (8,5) ! J _, '

l .75 m
< JOKN kN
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Example

Solution:

Due to external loadings, internal axial forces Iin
regions 4B, BC and CD are different.

*Find the Internal force
in each portion by using
section method and

2. Fy=0 for vertical
forces.

*Plot the variation of P.

*Plot the variation of ¢

75

PikMN)  75kN

i

L
J’ 20EN| J20EN  20KN 21 kN

A S| |


contents.ppt

“ IA\

] [V] [A]

§§‘§

Beer ¢ Johnston ¢ DeWolf

Example

E.=210(103) KN/m2 (Given).

Vertical displacement of 4
relative to fixed support D is:

FL _
AE
[+75 KN](1m)(10°)

~ [600 mm? (210)(10%) KN/m?]|

~

ﬁ [+35 kN](0.75 m)(106)
[1200 mm? (210)(10%) kN/m?]

[—45 kN](0.5 m)(109)
[1200 mm? (210)(103) kN/m?],

p.
4
H
(N

= +0.61 mm
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Op is +ve, so the bar elongates and
so displacement at A Is upward.

Find the displacement between B
and C,

5 :PBC‘LBC‘ _
= ABC‘E

[ [+35 kN](0.75 m)(106)
I

— _|_ "
1200 mm? (210)(10°%) kN..-"mZJ Yaliladi

oy

] V] [A] [Z]

Here, B moves away from C, since segment
elongates
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0~=(o;Ly/E)
Internal Load G‘F(PifA.l-} 5],=(PiLiI A-lEl)

Int. Load, P, KN Stress, @, kN/m Deflection, &, mm

e

.75
) kN

Length of the bar, m Length of the bar, m Length of ihe bar, m

Segment E, 8, mm Remarks
kN/m?

AB : 210x10° | 0. 0595 | Tension

BC . 210x10° ] 0.104 Tension

cD i 210x10° I -0.0893 | Compression
8=+061 | Pomt A moves
upward
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Example

The horizontal rigid beam ABCD /s supported by vertical bars BE
and CF and is loaded by vertical forces P, =400 kN and P, = 360
kN acting at points A and D, respectively (see figure). Bars BE and
CF are made of steel (E 200 GFa) and have cross-sectional areas
Age = 11,700 mm? and A - = 9,280 mm?. The distances between
various points on the bars are shown in the figure. Determine the
vertical displacements 8, and d, of points A and D, respectively.

- e e
T
e

o O

b—1.5m —+—1.5m

R o

TR RSl

o T e Rt -
Pl IR

= - . b,
i R m W o .'.-7" & s
= ' “3’_1!-';1'- 3 5 \__,.' ey e ‘;": e

P; =360k}1
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}‘—-I.Sm—-|-—1.52.l m

B
b ety

P, = 360 kN

Age = 11,100 mm?
Acr = 9,280 mm?
E = 200 GPa
Lgr=30m
Lep=24m

P, = 400 kN; P, = 360 kN
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FREE-BODY DIAGRAM OF BAR ABCD

k—1.5m —}—1.5m —p——2.1 m—
A B D

P1=400k.N FBE

SMgz =0~
(400 KN)(1.5m) + Fe{1.5m) — (360 kN)(3.6 m) = 0
Fep = 464 kN
SMc=012
(400 KN)(3.0 m) — Fge{1.5 m) — (360 kN)(2.1 m) = 0
Fgr =296 kN
SHORTENING OF BAR BE
(296 kN)(3.0 m)

(200 GPa)(11.100 mm?)
= (.400 mm
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SHORTENING OF BAR CF
(464 kN)(2.4 m)

(200 GPa)(9.280 mm?)
= (0.600 mm

DISPLACEMENT DIAGRAM

Ope — 04 = 8cp — Opp Or 84 = 20pg — O¢r
6, = 2(0.400 mm) — 0.600 m

=0.200 mm <«
(Downward)

2.1
dp — O¢cr = ﬁ(ﬁa-‘ — 8pr)

12 7
or  8p =-—Ocr— 0Bk

2

: 7
=3 (0.600 mm) — ;(0.400 mm)

= 6.880 mm <

(Downward)
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The assembly consists of an aluminum tube AB having a cross-sectional area of
400 mm?. A steel rod having a diameter of 10 mm is attached to a rigid collar and
passes through the tube. If a tensile load of 80 kN 1s applied to the rod, determine
the displacement of the end C'of the rod. (£,= 200 GPa, E,,= 70 GPa )

H 400 mm *

? 80 kN

600 mm
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400 mm

SOlUtion: _—'
FH)(lmm

e S() kKN
[

Find the displacement of end C with respect to end B.

o rL [+so(od)fos) s0kN —>
s =I5 = T s0s oo 00056 m >

-
Pgpe= 80 kN

Displacement of end B with respect to the fixed end A,

5 kL __[soforfo4)
~4E  [400(10°)[70(10°)|

B

=-0.001143=0.001143m —

»=0.0042m=420mm —

Since both displacements are to the right,
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Poisson's ratio

* Poisson’s rafjo, v (nu), states that in the elastic
range, the ratio of these strains is a constantsince
the deformations are proportional.

Elat Poisson’s ratio is dimensionl/ess.

heT Typical values are 1/3 or 1/4.

gf’o ng

* Negative sign since /ongitudinal elongation (positive
strain) causes /ateral contraction (negative strain),
and vice versa.

El (._:.J-"J
I
= &
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Poisson's ratio

LR R Y Ry Y PR Y L PR R PR YY)

Yy

» For a slender bar subjected to axial loading:

SRR EAN ISR NI PRSI PR RN P RN IR RANAT

_2x oy =
— 0, =0, =0

SsaEERSsEARBEGAARDS

» The elongation in the x-direction is
accompanied by a confraclg'on in the other
lateral directions. Assuming that the maferial
15 1sotropic (no directional dé,pendence),

g,=¢6,#0

P Poisson’s ratio 1s defined as

lateral strain €,

l’ = — _——_— = —

axial strain g, £,

z

Note that v 1s a property of the material.

» So; for a homogeneous isotropic material
subjected to an axial loading in x direction:

Vo
E=— and | &,=6.=——=
/g /g
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A bar made of A-36 steel has the dimensions shown. If an axial force of is applied to
the bar, determine the change in its length and the change in the dimensions of its
cross section after applying the load. The material behaves elastically.

Solution:

The normal stress in the bar is

P 80(10°)
0. == (0-1)((0-0)5) =16.0(10°) Pa

From the table for A-36 steel, £,,= 200 GPa

o, 160(10°)
©E, 200(10°)

80(1 0° )mm/mm

g

] [V] [A]
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Solution:

The axial elongation of the bar is therefore

50 mm

P =80 kN

100 mm \ .
e

5. =&, =[80(10°)1.5)|=120m (Ans)

The contraction strains in bofh the x and y directions are

&, =&, =—v & =—03280(10°)|=-25.6 zm/m

X v

The changes in the dimensions of the cross section are

5, =&,L, =—-25.6(10°)0.1)|=-2.562m (Ans)

X X

5, =L, =—[25.6(10°)0.05)|=-1.282m (Ans)

v

] [V] [A]
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+ A temperature change results in a change in length or
thermal strain. There 1s no stress associated with the

thermal strain unless the elongation is restrained by
the supports.

» Treat the additional support as redundant and apply
the principle of superposition.

_PL

T AE
o = thermal expansion coef.

—a(AT)L & 6, =

» The thermal deformation and the deformation from
the redundant support must be compatible.

PL
O=0r+0p=0 a(AT)L+—=0
x AL

P=—AEa(AT)

oc=2 - ~Ea(AT)
4
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Thermal stress

* Expansion or contraction of material 1s linearly
related to temperature increase or decrease that
occurs (for homogenous and 1sotropic material)

* From experimment, deformation of a member

having length L 1s 5, =aATL

a = liner coefficient of thermal expansion. Unit
measure strain per degree of temperature: 1/°C
(Celsius) or 1/°K (Kelvin)

AT = algebraic change in temperature of member
ol = algebraic change in length of member

] [V] [A]

Egi
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Thermal stress

A-36 steel bar shown 15
constrained to just fit
between two fixed
supports when 7; = 30°C.

If temperature 1s raised to
T, =60°C, determine the
average normal thermal
stress developed 1n the
bar.
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Thermal stress

Equilibrium
As shown 1n free-body diagram,

+1 2 Fy =0; Iy=-Ip=F

Problem is statically indeterminate since the

force cannot be determined from equilibrium.

Compatibility

Smce 05 =0, thermal displacement
0, at 4 occur. Thus compatibility
condition at 4 becomes:

+1 03=0=0;—0;

10} mm

-

¥
- ' 14} marm 3

AT

¥

'
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Thermal stress

Compatibility
Apply thermal and load-displacement relationship,

0,3=0=0;—0p ==
0 = aAlT. L @
¢ AL ;
F=aAT4AE = ... = 7.2 kN

From magnitude of F, it's clear that changes in
temperature causes large reaction forces in
statically indeterminate members.

Average normal compressive stress Is

F
oc=—=...=72MPa
A

10 truens

| ._{ B
- I_I.H I
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Beer ¢ Johnston ¢ DeWolf

« Localized deformation occurs at each end, and the
deformations decrease as measurements are taken

further away from the ends
« At section c¢-¢, stress reaches almost uniform value as
compared to a-a, b-b.

» Thus c-c Is sufficiently far
enough away from P so : . :
the localized deformation B Lines located away

Irowmn e Boad s Supspor

remn siraig b

| : Load distorts lines
e 4" InCiledd near suppaor
{

“vanishes’
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SAINT-VENANT’S PRINCIPLE

w = HTSe,

o = L0277

Loads transmitted through rigid
plates result in uniform distribution

of stress and strain.

Concentrated loads result in large
stresses in the vicinity of the load
application point.

Stress and strain distributions
become uniform at a relatively short
distance from the load application
points.

Saint-Venant’s Principle:

Stress distribution may be assumed
independent of the mode of load
application except in the immediate
vicinity of load application points.
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Stress concentration

)
'

Undistorted

i ._J:Ll‘l
&
3

.
1'.4

+~
ey

1 a1
Distosted
(a)

—o
Actual stress distribution
(h)

Average stress distribution
(<)

Undistoried

Dhistorted
)

Averuge stress distribution
<l
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Stress concentration

19 &4
T

—
-~

® o

o] 19 W oW W

-
9 19 19
1o

-
—

1.G |
1.4

P 1.2
O-max = K cTave = K B

1et

0
(a) Flat bars with holes

Discontinuities of cross section may result in o

. : = max S
high localized or concentrated stresses. K=—"2 o106 e S ——
O

ave
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Stress concentration

K 1s independent of the bar's geometry and the
type of discontinuity, only on the bar’s geometry
and the type of discontinuity.

As size r of the discontinuity 1s decreased, stress
concentration 1s increased.

[t 1s important to use stress-concentration factors
in design when using brittle materials, but not
necessary for ductile materials

Stress concentrations also cause failure
structural members or mechanical elements
subjected to fatigue loadings
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Stress concentration

€
L8 /

16

\\‘J =3

'\“_“‘

12

10
0 002 0.4 0.06 008 01D D

(h) Flat bars with fillets

|.1s 0.20 0.22 0.24 0.26 0.25 (.30
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Example

Determine the largest axial load P
that can be safely supported by a
flat steel bar consisting of two
portions, both 10-mm-thick, and
respectively 40- and 60-mm-wide.
connected by fillets of radius r =8

mm. Assume an allowable normal
stress of 165 MPa.

SOLUTION:

1). Determine the geometric ratios and
find the stress concentration factor

from Fig. 2.64D. r/d, D/d

2). Find the allowable average normal

stress using the material allowable
T

normal stress and the stress
concentration factor.

* Apply the definition of normal stress to
find the allowable load.
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£ > — /N
| D \60mm  _> Cr |\ 8mm
1

» Determine the geometric ratios and ~7 =1.50] [ —
find the stress concentration factor ~ [\@ / 40mm \‘-”’f \ﬂ_r_‘, v

from Fig. 2.645. K =182

* Find the allowable average normal
stress using the material allowable
normal stress (165MPa) and the
stress concentration factor (1.82).
S Tpax _ 165MPa

K 1.82

=90.7MPa

V.
N

an
|5

L1, S
| E—

« Apply the definition of normal stress
, to find the allowable load.

= | T P=Ac,,,=(40mm )(10mm }(90.7MPa )

110 | - 3
: i L 0,15 0,90 0,02 (124 006 (.95 (.3 —
0002 004 006 008 010 0,12 0,14 016 0,18 0.20 (.22 (1,84 0,96 0,25 (.30 =363x10°N

il
(b) Flat bars with fillets (---. — ) P=36.3kN
End
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Example

Determine the largest axial load P
that can be safely supported by a
flat steel bar consisting of two
portions, both 10-mm-thick, and
respectively 40- and 60-mm-wide,
connected by fillets of radius r =8

mm. Assume an allowable normal
stress of 165 MPa.

SOLUTION:

1). Determine the geometric ratios and
find the stress concentration factor

from Fig. 2.64D. r/d, D/d

2). Find the allowable average normal

stress using the material allowable
T

normal stress and the stress
concentration factor.

* Apply the definition of normal stress to
find the allowable load.
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/ ? \ Smm /)
Lol —{0.20)

\ﬂ’ J40mm
-

* Determine the geometric ratios and
find the stress concentration factor
from Fig. 2.645b.

« Find the allowable average normal
stress using the material allowable
normal stress (165MPa) and the

stress concentration factor (1.82).

165 MP
o, = 2mex _ 2 —90.7MPa

K 1.82

-
=

a
2
2
2

& Y

-

NV
N\

i - « Apply the definition of normal stress
= to find the allowable load.

P=A40,,,=(40mm )10mm )90.7 MPa )

ve

— ]
O =

] V] [A] [Z]

02 o4 onE NS 010 012 %[I.I"i 18 020 (hiE2 () 34 025 095 030 — 36.3 }C: l{]j':.q

C ™)
(b) Flat bars with fillets — P=363kN
End

§§‘§


contents.ppt

A
[ 1/ k Beer ¢ Johnston ¢ DeWolf

Elastic deformation while maximum
stress 1s less than yield stress.

Maximum stress 1s equal to the yield
stress at the maximum elastic
loading.

At loadings above the maximum
elastic load. a region of plastic
deformations develop near the hole.

As the loading increases. the plastic
region expands until the section is at
a uniform stress equal to the yield
stress.
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Steel bar shown assumed to be elastic perfectly plastic with oy, =
250 MPa.

Determine (a) maxumum value of applied load P that can be
applied without causing the steel to yield, (b) the maximum value
of P that bar can support. Sketch the stress distribution at the

critical section for each case.

Hmm

&4 mm '
%4

‘]J

P e,
4 mm " < T
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(a) When material behaves elastically, we must
use a stress-concentration that 1s unique for the

bar’s geometry.
r 4 mm |

— = =0.125
n (40 mm — 8 mm)

w 40 mm
=1.25

h (40 mm — 8 mm)

When o

1Imax

P
Omax — =K O avgs g Oy — K(j? )

= oy. Average normal stress is o, = P/4

] [V] [A]

—>—>P,= 16.0kN

§§‘§
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(a) Load Py was calculated using the smallest x-
section. Resulting stress distribution 1s shown.
For equilibrium, the “volume” contained
within this distribution must equal 9.14 kN.

] [V] [A]

§§‘§
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(b) Maximum load sustained by the bar causes all
material at smallest x-section to yield. As P 1s
increased to plastic load Py, the stress
distribution changes as shown.

:: .:” r [
M ‘ ] |
L

| i)

When ¢, = 0. Average normal stress is g, . = P/4

max z

P
oo =Ky oy=K(F) = P,=160kN

max avg?

Here, P, equals the “volume” contained within the
stress distribution, i.e., P, = g4
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Stee!

| bar shown below has allowable stress,

00w — 115 MPa. Determine largest axial force P
that the bar can carry. p

T

- 20 mm

10 mm 10 mm
-

o~ 1D mm

40 mm
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Because there 1s a shoulder fillet, stress-concentrating
factor determined using the graph below

0

2.8

I T

>~
|

|

|

\.(‘ - -
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Calculating the necessary geometric parameters
yields

w  40mm

h 20 mm

Thus, trom the graph, K = 1.4
Average normal stress at smallest x-section,

P
Oavg — (20 mm)(10 mm)

= (0.005P N/mm?

) V] (Al [A] [N

§§‘§
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Applying Eqn 4-7 with 6,1, = Oppax Y1€1dS

Oallow — — K O max

115 N/mm? = 1.4(0.005P)
P=1643(10°) N=16.43 kN

] [V] [A]
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